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Discrete time quantum walks (DTQWs) are nontrivial generalizations of random walks with a 
broad scope of applications. In particular, they can be used as computational primitives, and they 
are suitable tools for simulating other quantum systems. DTQWs usually spread ballistically due 
to their quantumness. In some cases, however, they can remain localized at their initial state 
(trapping). The trapping and other fundamental properties of DTQWs are determined by the 
choice of the coin operator. We introduce and analyze an up to now uncharted type of walks driven 
by a coin class leading to strong trapping, complementing the known list of walks. This class of 
walks exhibit a number of exciting properties with the possible applications ranging from light pulse 
trapping in a medium to topological effects and quantum search. 

PACS numbers: 03.67.Ac, 05.40.Fb 


Quantum walks are analogs of classical random walks, 
gaining considerable attention since their introduction in 
the nineties 00- They did prove themselves as inter¬ 
esting constructs which find their applications gradually 
fijM 1 .‘{| (for review see 0 )- Recent experiments demon¬ 
strated their basic properties 0, and stimulated fur¬ 
ther theoretical studies. While the early experiments 
have been limited to DTQWs on a line, recently, two- 
dimensional quantum walks have been successfully real¬ 
ized {0. Although a two-dimensional lattice is still con¬ 
sidered simple in physics, two-dimensional DTQWs 0 
display a rich variety of interesting effects. In particular, 
they exhibit a partial quantum speedup in search Q ■ 

The fundamental behavior of DTQWs is governed by 
the choice of the unitary operator acting on the inter¬ 
nal structure of the particle — the so-called coin opera¬ 
tor. Similarly to random walks, DTQWs can be classified 
based on their spreading properties. One of the classifi¬ 
cations is based on the definition of the Polya number 
[0 , dividing walks into recurrent and transient walks. 
Classically, this property depends only on the dimension 
of the underlying lattice. However, the quantum exten¬ 
sions of the Polya number exhibit significant dif¬ 

ferences. Apart from the dimension of the underlying 
lattice, the classification also depends on the choice of 
the coin operator and the internal state of an initially 
localized walker. In the family of two-dimensional re¬ 
current quantum walks a rather interesting class can be 
found, namely that exhibiting the effect of trapping (lo¬ 
calization) [0. In this class the probability of finding 
the particle at its initial location throughout the whole 
evolution is non-vanishing. For leaving walks, i.e. when 
the walker is forced to leave its actual position during 
a single step, this effect does not have a natural classi¬ 
cal counterpart, thus, it is a purely quantum interference 
phenomenon. One can post the natural question: Which 
coins exhibit trapping? First examples of such a coin 
were found in I22l . 1231 ]. 

In this paper we construct a large class of trapping 


coins, and point out important physical consequences for 
the corresponding DTQWs. In particular, we report the 
new effect of “strong trapping”. In addition to contribut¬ 
ing to the understanding and classification of quantum 
walks, we comment on the implications — possible ap¬ 
plication for the trapping of light, its relation to spatial 
quantum search algorithms, appearance of topological 
phases, and its spectral similarity to the so-called split 
step QWs. 

Let us begin with the formal definition of two- 
dimensional DTQWs, briefly. The composite Hilbert 
space of a DTQW is given as: PL = Tip © PLc■ In the 
present paper the position space PLp corresponds to a 
two-dimensional Cartesian lattice. We denote position 
Hilbert vectors with |x)p, where x = ( x , y ) represents the 
position on the lattice. The coin space PLc is spanned by 
vectors corresponding to the directions: | L), |D), |C7), | R). 
Throughout the present paper we expand operators on 
the coin space using this basis. We note that this coin 
Hilbert space can be viewed as a two-qubit Hilbert space 
with | L) = 100), \D) = |01),|[/) = |10),|i?) = |11). The 
time evolution is unitary: U = S ■ (Ip © C). Here, S is 
the step operator responsible for the conditional displace¬ 
ment: 5|x)p(g)|c) = |x®c)p® |c), where c £ {L , D, U, R} 
corresponds to the directions and x © c denotes the near¬ 
est neighbor of position x in the direction c. By C £ 17(4) 
we denote the coin operator acting on the internal coin 
degree of freedom. Due to the translational invariance of 
the DTQWs we study, the global phase of the 1/(4) coins 
is ignored. The time evolution in the quasi-momentum 
picture is given by 

U = D ■ C, (1) 

where D is the Fourier-transformed step operator S , i.e. 
D = Diag(e _lfc , e~ l1 , e 11 , e lk ). By k, l we denote the quasi¬ 
momenta of the walk. The phase w of a given A = e luJ 
eigenvalue of U is frequently termed as quasi-energy. 

Undoubtedly, the most notorious two-dimensional 
DTQW is the one driven by the Grover diffusion opera- 
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FIG. 1. Quantum circuit representing the coin class C de¬ 
fined in Eq. ©• The abstract two-qubit space of IV’L^ut)) 

and IV’in(out)) s P anne d by basis vectors {100), 101), 110), 111)} 
correspond to the four dimensional coin space of the two- 
dimensional quantum walk with | L) = 100), | D) = 101), \U) = 

110), \R) = 111) - 
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where 4,j is Kronecker’s delta symbol. Apart from its 
use in quantum walk based search algorithms Q, the 
Grover walk is well-known for its trapping (localization) 
property mm- The probability of finding the walker 
at its initial position at any time is non-vanishing for 
almost all walkers started at the origin. For the well 
chosen localized initial state 

W)fl = |xo)p ® \{\L) - I D) - I U) + I R)) (3) 


always has a constant eigenvalue /i = 1 with the multi¬ 
plicity of two. We apply a unitary transformation keeping 
the constant eigenvalues: 

U 2 = WU 2 W = W{U 2 ® Th)WW(lh ® U 2 )W . (5) 

Here, W is the unitary SWAP gate on a two-qubit system 
(coin space): W = \L)(L\ + \D)(U\ + \U)(D\ + |_R)(i?| . 
Note that W = W~ x = W\ and we also inserted the 
identity I = WW into Eq. ©• Performing the SWAP 
operation on the first part of Eq. ©, and taking a 
square root results in W = {U\ ® U 2 )W. We substi¬ 
tute the arbitrary SU(2) operators U^ 2 ) with U\( 2 ) = 
Diagte-^+t-W/V^+t-W/ 2 ) • C 1(2) , where C fc={lj2} e 
SU( 2), to arrive at the formula: 


U = -D(Ci ® C 2 )W = U , (6) 

which is a time evolution operation of a two-dimensional 
DTQW [cf. Eq. ([I])]. By its construction, U has at least 
two constant eigenvalues ±1. These eigenvalues appear 
as flat bands at ui = 0, n quasi-energies in the spectrum. 
Thus, we constructed a trapping walk with the new coin 
class: 


C = (Cl ® C 2 ) W. (7) 


the trapping is avoided and the walker escapes. A one- 
parameter generalization of the Grover walk exists [23| . 
sharing the above listed traits: state-dependent trapping 
and a single localized escaping-state. The extensive re¬ 
search dedicated to the Grover trapping also led to other 
interesting effects, namely dynamics exhibiting full re¬ 
vivals [24| . a way to design recurrent quantum walks in 
arbitrary dimensions jiH, and trapping in walks on per¬ 
colation graphs [25( . 

In general, the trapping in DTQWs is caused by the 
presence of_flat bands in the quasi-energy spectrum of 
the walk [22j, which naturally depends on the choice of 
the coin operator. It was shown that the spectra of all 
trapping two-dimensional DTQWs contain at least two 
such flat bands with a it difference between their quasi¬ 
energies [24j |. Finding trapping coins involves solving Eq. 
© for a pair of constant eigenvalues. However, it turns 
out that the direct solution in the complete [7(4) space 
is very demanding both numerically and analytically. 

Let us present a broad class of trapping coin operators 
using a constructive approach. To begin, we define two 
arbitrary SU( 2) operators U\ and U 2 , thus, det([/!( 2 )) = 
1. It is straightforward to see that the products UiU 2 and 
U 2 U\ share the same pair of eigenvalues (they are unitary 
equivalent), and since det([/if7 2 ) = det(U 2 Ui) = 1 these 
eigenvalues are complex conjugate pairs. Consequently, 
the following operator 

U 2 = (U 2 ® lh) ■ {U\ ® U 2 ) , (4) 


One can observe that any operation commuting with D 
and W can generalize the coin C without losing its trap¬ 
ping property (constant eigenvalues — flat bands). Since 
Ci ® C 2 cover all local single-qubit rotations, a non- 
separable operation is desirable to avoid redundancy. We 
found that the most suitable operation is the controlled 
phase gate: P(<p) = Diag(l, 1,1, e lv ). Thus, the general 
form of the trapping coin class (C-class) is 

C = P(<p)(C 1 ®C 2 )P(-<p)W, (8) 

which contains 7 real parameters (+1 for the global 
phase). This coin class can be realized as the two-qubit 
quantum circuit illustrated in Fig. |1] We note that the C- 
class contains the Grover coin Icf. Eq. ©] and its known 
one-parameter generalization [231 ] as special cases. 

Let us show some basic properties of the C-class. We 
define the elements of Ck={i ,2} S SU (2): 

_ / e - “* fc cos4 -e~ l0k sin 4 \ . . 

k ^ e^ k sin 4 e lo,k cos 4 / 

One can see that the time evolution operator U of Eq. 
© using the C-class has two constant eigenvalues: 1 and 
— 1. Solving the eigenvector problem, an inverse Fourier- 
transform reveals the stationary eigenstates correspond- 
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ing to the eigenvalues A = ±1: 

\^(x,y)x=±i) = 

i||x, y) P <g) (-e _I/Sl sin 5\\L) - e~ iai cos5i|D)) 

±| x,y + l)p ® (— e ~ 1 ^ 2 sin(i 2 |L} — e _i “ 2 cosJ 2 |/7}) 
±\x + 1 ,y)p< 8 > (e*“ 2 cos<5 2 |Z)) — e l (P 2 +v) sin<5 2 |i?)) 

+\x + 1 ,y + l)p (g) (e lQl cos<5i|[/) — e l ^ 1+v ' > sin<5i|i?))|. 

(10) 

An equally weighted superposition of two such 
eigenstates living on the same lattice sites 
■^{\i>{x,y)x=+i) ±\^{x,y) x =-i)} gives full reviv¬ 
ing states. These states generalize the results of [24j for 
the C-class. 

An initial state having a nonzero overlap with any of 
the eigenstates in Eq. m is trapped. We found that 
for most of the coins in the C-class, all initially localized 
states are trapped. We term this novel phenomena as 
“strong trapping”. However, when the the coin parame¬ 
ters satisfy 

cos 2<5i = cos 2 S 2 , (11) 

similarly to the Grover walk, a single initially localized 
state will lead to escape. For 82 = 8 \ + k ■ n, k £ 1N+, 
this state has the form: 

= l x o )p ® -^=(e~ lPl cos Si\L) - e~ zai sin<5i|ZA) 

_ e -i(a 2 +lh-p 2 ) single/) _ e -«c,i+a a -p a -'p) cos^l#^ . 

(12) 

We note that the strong trapping effect can be avoided 
by starting the walk from an initially non-localized state. 
We studied the strength of the trapping effect numeri¬ 
cally and illustrated it on Fig. [2] 

The C-class coins would make good candidates to trap 
and manipulate wave packets light pulses in the pho¬ 
tonic implementation of experiments. The expected be¬ 
havior of DTQW dynamics driven by a general coin is the 
propagation of the wavefunction over the lattice. How¬ 
ever, changing the coin to a C-class coin can trap (stop) 
a part of the spreading wave. This trapped pulse is held 
in its place by the trapping coin, and can be released by 
changing back to the original non-trapping coin. 

The symmetries of the quasi-energy spectra allow for 
non-trivial topological phases in quantum walks [26l - [32l ] . 
The controlled opening and closing of gaps in the quasi¬ 
energy spectrum can be a signature of the presence of 
such topological phases. We found that the spectra of 
weakly localizing walks satisfying Eq. HEED are gapless, 
whereas in the case of strong trapping, gaps open around 
the flat bands at oj = 0,7r quasi-energies. Thus, param¬ 
eters <5i and 82 tune the continuity of the spectrum. To 
map possible topological phases, we numerically searched 
this parameter space. We found that DTQWs with two 



FIG. 2. (Color online) Minimum probability of finding the 
particle at its initial position after 40 steps of a C-class coin 
[see Eq. ([HJ] driven quantum walk. The probabilities are 
determined by numerically searching the initial states yield¬ 
ing the minimum probability. The coin is investigated in the 
<5i, A 2 parameter space with Qi = 02 = /3i = 02 = § and 
ip = 7T. The red lines correspond to the condition of Eq. (EU) 
where strong trapping disappears. On these lines the mini¬ 
mum probability is naturally zero due to the appearance of 
the escaping state of Eq. m- However, where strong trap¬ 
ping is present, the minimum probability is larger than zero. 

contacted bulk regions using certain pairs of coins lead 
to the appearance of edge states. The found edge states 
are non-degenerate, can propagate only in one direction 
determined by the layout of the two bulk regions, and are 
also topologically protected from the decoherence caused 
by stationary (spatial) noise. The obtained topological 
map for the C-class and a spectrum exhibiting edge states 
are shown in Fig. [3] We note that up to our knowledge 
this is the first case when topological effects are reported 
in simple two-dimensional DTQWs using a single coin. 

It is interesting to note that the C-class walks can be 
linked with the so-called split-step walks. The concept 
of split-step (alternate step) two-dimensional quantum 
walks open a way to simulate some DTQWs using only 
a two-dimensional coin space j.33l |. The time evolution of 
such walks is given as 

[/split = S^C 2 S t C r, (13) 

where Ck—{i , 2 } e SU( 2). S-j^Sfy) displaces the particle 
on a two-dimensional lattice down/up (left/right) with 
respect to its actual coin (qubit) state. This construction 
implies that the particle cannot step backwards: Split- 
step walks live on the directed square lattice. Conse¬ 
quently, such walks can maintain their ballistic spread¬ 
ing better under noisy conditions (34 [. The split-step QW 
also exhibits topological effects [ 23 , [30H32[ . 

Let us rewrite the time evolution m of the split- 
step walk in the Fourier-picture, while relabeling the mo¬ 
menta. This results the following time evolution opera¬ 
tor: 

[/split = Diagfy-^-')/ 2 , e*(fc-D/2) . x 
Diag(e- i(fe+i)/2 ,e i(/£+i)/2 )-Ci. 


(14) 
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FIG. 3. (Color online) Topological map (left plot) and quasi¬ 
energy spectrum (right plot) of C-class coins [see Eq. ([8)1]. The 
light brown and white areas correspond to different topolog¬ 
ical phases, i.e. in the boundary between two topologically 
different bulk regions we found a topologically protected edge 
state. The thick lines represent the gap closing condition 
CD- which is also the condition describing the disappearance 
of strong trapping. We used the definitions (O and © with 
parameter values on = c*2 = /3i = /?2 = f and ip = tv, in¬ 
voking a real valued subclass of C, which contains the Grover 
coin for 5r = 62 = f (marked by the black dot). The quasi¬ 
energy u> spectrum as the function of momentum k on the 
right plot corresponds to the two-dimensional QW on a torus 
using two parallel bulk regions with <h = ^, 62 = ^ and 
$1 = , S 2 = jjj (denoted by circles on the topological map 

on the left). The topologically protected edge states are em¬ 
phasized by magenta and cyan shading. 


Note that the relabeling of the momenta has the walker 
step in the diagonal and anti-diagonal directions on the 
lattice. An investigation of the spectrum of this model 
reveals a surprising fact: It is perfectly identical to the 
non flat band spectrum of the regular two-dimensional 
DTQW governed by the C-class © with ip = 0. 

This result unveils a correspondence between the two 
models, which helps us to draw consequences on the ex¬ 
pected behavior. For example, the group velocities of 
the propagating peaks [35] and weak-limit distributions 
[23L1361 ] should be similar. Moreover, the analytical tools 
proposed for the split-step models might be employed for 
C-class based walks. The spectral correspondence also 
strengthens our observations on the topological effects. 

Finally, let us briefly comment on the applicability of 
the new class of coins for the quantum search. Two- 
dimensional DTQWs are suitable for searching marked 
elements on a M x M torus Q. By design they allow 
for finding a single marked vertex in 0{pjN log N) steps, 
with M 2 = N. The walk performing the search is a reg¬ 
ular two-dimensional DTQW on the torus employing a 
transformed 4x4 Grover coin C^ G \a x ®a x ). In fact, this 
transformed coin is also in the C-class with parameters 
Si = S 2 = f, ai = fa = §, a 2 = Pi = -f and ip = n. 
At the marked vertex — which the algorithm is designed 
to find — the coin is changed to — <j x 0 a x . The initial 
state of the system is an equal superposition o f all states 
in the natural basis, which is evolved for ss \/2N steps. 
Following, a position measurement yields the marked ver- 



FIG. 4. (Color online) Probability of finding a marked vertex 
on a 10 x 80 torus using the original spatial quantum search 
algorithm (blue dashed curve), and a modified one (red curve) 
employing the coin class C defined in Eq. ((Sj with parame¬ 
ters rt'i — &2 — cki = P2 m f , Q!2 = Pi = — f and <p = tv. 
The vertical black line denotes the measuring time defined in 
the algorithm y/2LM = 40. At that time the probabilities 
of the original and modified algorithms at the marked vertex 
are 0.0616 and 0.0827 respectively. Note that these probabili¬ 
ties are obtained before the final amplitude amplification step 
concluding the algorithm. 


tex with probability 0(1/log N). To realize a practically 
useful probability in order of 0(1), the algorithm should 
be repeated for 0(^/\og N) times and through amplitude 
amplification [37[ the 0(1) probability is achieved. In 
summary, the total runtime is 0(y/N log N) steps. 

This algorithm is designed to perform searches on 
M x M tori, and on a general L x M torus it turns 
out to be suboptimal. However, employing the C-class 
coins one can possibly optimize the algorithm for gen¬ 
eral tori. Our preliminary numerical studies show that 
for non-square tori a proper C-class coin outperforms the 
original transformed Grover coin. See Fig. [4] for details. 

Finding coins from the U (4) group for two-dimensional 
DTQWs that fulfill a specific goal is definitely a hard 
task. In this paper, we presented a coin class which ex¬ 
hibits a trapping feature similar to the Grover coin. The 
proposed many parameter, analytically given class is a 
considerable step towards classification of coins available 
on regular lattices. DTQWs driven by the new coin ex¬ 
hibit a novel phenomenon which we term as “strong trap¬ 
ping”, allowing for the trapping of all localized initial 
states. Generalizations to higher dimensional lattices are 
also possible allowing for constructing strongly trapping 
walks. The closed form of the coin matrix allows for fur¬ 
ther theoretical studies. We also demonstrated the topo¬ 
logical properties of the class, revealing non-trivial topo¬ 
logical phases, which were previously unobserved for sim¬ 
ple single-coin two-dimensional DTQWs. The proposed 
system has a spectral connection with two-dimensional 
split-step quantum walks, giving a bridge between the 
two models. We have revealed that the quantum walk 
based search algorithm on a non-square torus benefits 
from the proposed coin, possibly allowing for optimiza¬ 
tion. 

The proposed coin class is potentially very useful. 
These coins are promising choices for two-dimensional 
experiments [16], as all of the necessary elements are 
currently available. Such experiments will allow to study 






























5 


topological effects, trapping, strong trapping, search, and 
other quantum walk related effects in a new setting. 
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